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Abstract
We consider Abelian tensor hierarchy in four-dimensional N = 1 supergravity in the con-
formal superspace formalism, where the so-called covariant approach is used to antisym-
metric tensor fields. We introduce p-form gauge superfields as superforms in the conformal
superspace. We solve the Bianchi identities under the constraints for the superforms. As
a result, each of form fields is expressed by a single gauge invariant superfield. The action
of superforms is shown with the invariant superfields. We also show the relation between
the superspace formalism and the superconformal tensor calculus.
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1 Introduction
The superstring theory is regarded as a candidate for the unified theory of fundamental in-
teractions including gravity. The theory contains strings/branes, which can describe gravity,
gauge fields and matter ones in the low energy limit. For stable branes to describe our universe,
anti-symmetric tensor fields are coupled to their preserved charges because they are extended
objects. Further, unstable tachyons are avoided in the presence of the supersymmetry (SUSY).
As a consequence, one may take supergravity (SUGRA), in which there exist such tensor fields
on top of gravity, as a plausible low energy effective theory of the superstring theory.
Four-dimensional (4D) effective action is obtained through a compactification of extra di-
mensions. Hence, 4D N = 1 SUGRA with tensor fields is a possible starting point to construct
the effective description of the superstring theory, because N = 1 SUGRA is a chiral theory,
which has to contain the Standard Model of particle physics.
For these reasons, our interest is to construct the effective models of the superstring including
p-form gauge fields within 4D N = 1 SUGRA [1–5]. For the effective description of the
superstring theory, we need to respect the structure of ten-dimensional antisymmetric tensors.
In 4D effective theory, such antisymmetric tensors and their gauge transformations are described
by the 4D form fields, whose transformations inevitably contain form fields with different ranks.
Such a structure is called a tensor hierarchy [6–9], and is related to the anomaly cancellation
conditions in the string theory. Therefore, the construction of a tensor hierarchy in 4D N = 1
SUGRA is desirable in the context of string models.
In this paper, we consider the tensor hierarchy in 4D N = 1 SUGRA. In particular, we
focus on the construction which is inspired by structures of the geometries of extra dimensions.
Becker et al. did such a construction in 4D N = 1 global SUSY [8]. Our 4D SUGRA description
can be applicable to discuss the roles of antisymmetric tensors, e.g. in cosmology [10–15] and
SUSY breaking [16–18].
We will use the conformal superspace formalism [19], which is a superspace formalism
of conformal supergravity. It has larger gauge symmetries than the superconformal tensor
calculus [20–28] and Poincare´ superspace [29, 30]. The symmetries will be useful to construct
the SUGRA system coupled to the tensors and matters. We can straightforwardly reproduce
the corresponding system in terms of the Poincare´ superspace and also the superconformal
tensor calculus due to their correspondences [19, 31].
We will adopt the so-called covariant approach [4,29,30,32,33]. In this approach, we regard
bosonic tensors as components of differential superforms in superspace. This makes the local
SUSY properties of the tensors manifest. In particular, it is straightforward to obtain gauge
invariant superfields including bosonic field strengths.
This paper is organized as follows. In Sec. 2, we review 4D N = 1 conformal superspace
briefly. Then, Abelian tensor hierarchy is introduced to the conformal superspace. Section 3
is devoted to impose constraints on field strength, and to show the solutions to the Bianchi
identities. In Sec. 4, we present the component formalism, which is written by superconformal
tensor calculus. In Sec. 5, a superconformally invariant action for p-form gauge superfields is
proposed. We conclude this paper in Sec. 6. In appendix A, our notations are summarized. We
present the explicit derivations of the solutions of Bianchi identities in appendix B. We show
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the explicit forms of bosonic field strengths in appendix C. Throughout this paper, the terms
“form”, “gauge field” and “field strength” are used to refer “superform”, “gauge superfield”
and “field strength superfield”, respectively. We use the conventions of Ref. [31] for conformal
superspace except the notation of torsion. We use TCB
A to refer the torsion, which is equal
to R(P )CB
A in Ref. [31]. We also use the convention of Ref. [30] for superforms, exterior
derivatives and interior products.
2 Abelian tensor hierarchy in conformal superspace
In this section, we introduce the Abelian tensor hierarchy into conformal superspace. We begin
with a brief review of conformal superspace. Abelian tensor hierarchy is then introduced into
conformal superspace.
2.1 Conformal superspace
Conformal SUGRA is one of the most convenient formulation of SUGRA thanks to its larger
gauge symmetries. Conformal superspace is a superspace approach to formulate conformal
SUGRA. In the conformal superspace, we can formulate conformal SUGRA in a geometrical
manner.
Conformal SUGRA is constructed as the gauge theory of superconformal group. We for-
mulate conformal SUGRA in a superspace [19]. Superspace is a space where the coordinates
are spanned by ordinary bosonic spacetime coordinates xm and fermionic coordinates (θµ, θ¯µ˙).
Here, m,n, ... are used for curved vector indices, µ, ν, ... for undotted spinor indices, and µ˙, ν˙, ...
for dotted spinor indices. In the superspace, we can deal with bosonic translations and SUSY
transformations at the same time, since SUSY transformations are understood as fermionic
translations. Thus, we denote both bosonic and fermionic coordinates as zM = (xm, θµ, θ¯µ˙),
where capital Roman letters M,N, ... express the sets of curved vector and spinor indices.
Conformal superspace is a superspace where gauge fields of the superconformal symme-
try are introduced. The generators of the superconformal group are the following elements:
spacetime translations Pa, SUSY transformations Qα, Lorentz transformations Mab, dilata-
tion D, chiral rotation A, conformal boosts Ka and conformal SUSY transformations Sα.
Here, Roman letters a, b, ... denote flat vector indices, Greek letters α, β, ... and α˙, β˙, ... ex-
press undotted and dotted flat spinor indices, respectively. α, β, ... denote both spinor indices
α = (α, α˙). In the superspace, we can deal with bosonic translations and SUSY transforma-
tions at the same time. Therefore, we simply write PA and KA as PA = (Pa, Qα, Q¯
α˙) and
KA = (Ka, Sα, S¯
α˙), respectively. Here, we use Roman capital indices A,B, ... for the sets of
Lorentz vectors and spinors A = (a, α, α˙). All the generators of superconformal group are
denoted XA = (PA,Mab, D,A,KA), where the calligraphic letters A,B, ... are used to refer the
indices of the generators of the superconformal group.
The gauge fields of the superconformal symmetry are defined as
hM
AXA = EM
APA +
1
2
φM
abMba +BMD + AMA + fM
AKA, (2.1)
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where EM
A is the vielbein, φM
ab is the spin connection, BM , AM and fM
A are the gauge fields
corresponding to D, A and KA, respectively. We assume that EM
A are invertible, and their
inverses are denoted as EA
M :
EM
AEA
N = δM
N , EA
NEN
B = δA
B. (2.2)
Using a differential form [30], the gauge fields are expressed as
hA = dzMhM
A. (2.3)
The gauged superconformal transformations are generated by δG(ξ
AXA). Here, ξ
A are real
parameter superfields, and ξAXA denotes
ξAXA = ξ(P )
APA +
1
2
ξ(M)abMba + ξ(D)D + ξ(A)A+ ξ(K)
AKA. (2.4)
The gauge fields hM
A receive the superconformal transformations δG(ξ
A′XA′) as
δG(ξ
B′XB′)hM
A = ∂Mξ
B′δB′
A + hM
CξB
′
fB′C
A, (2.5)
where primed calligraphic indices A′,B′, ... mean all the superconformal generators except for
PA: XA′ = (Mab, D,A,KA).
We shall define SUSY transformations and spacetime translations. In the superspace ap-
proach, we can deal with SUSY transformations and spacetime translations at the same time,
namely PA-transformations. We relate PA-transformations to the general coordinate transfor-
mation δGC by using field-independent parameter superfields ξ
A as
δG(ξ
APA) = δGC(ξ
M)− δG(ξ
MhM
B′XB′), (2.6)
where ξ(P )A are abbreviated to ξA, and ξM are defined by ξM := ξAEA
M . The PA-transformations
acting on a superfield Φ with no curved index define the superconformally covariant derivatives
∇A as
δG(ξ
APA)Φ = ξ
APAΦ = ξ
A∇AΦ = ξ
M∇MΦ = ξ
M(∂M − hM
A′XA′)Φ. (2.7)
Let us consider the curvatures associated with the superconformal symmetry, which appear in
the Bianchi identities. They are defined by
RMN
A = ∂MhN
A − ∂NhM
A − (EN
ChM
B′ − EM
ChN
B′)fB′C
A − hN
C′hM
B′fB′C′
A. (2.8)
Here, we use the convention of “implicit grading” [19]. Using differential forms, they are
expressed as
RA =
1
2
dzM ∧ dzNRNM
A = dhA − EB ∧ hC
′
fC′B
A −
1
2
hB
′
∧ hC
′
fC′B′
A, (2.9)
where EA = dzMEM
A. In particular, the curvatures associated with PA are the torsion two-
forms TA. The torsions are given by explicitly
TA = dEA − EC ∧ hB
′
fB′C
A =
1
2
EB ∧ ECTCB
A, (2.10)
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which appear in the Bianchi identities for p-form gauge fields discussed later. The curvatures are
expressed also in terms of the (anti-)commutation relations of the superconformally covariant
derivatives
[∇A,∇B] = −RAB
CXC. (2.11)
The curvatures are constrained so that (anti-)commutation relations of the covariant derivatives
are given by
{∇α,∇β} = 0, {∇¯α˙, ∇¯β˙} = 0, {∇α, ∇¯β˙} = −2i∇αβ˙ , (2.12)
[∇α,∇βγ˙] = −2iǫαβWγ˙ , [∇¯α˙,∇β˙γ ] = −2iǫα˙β˙Wγ ,
[∇αα˙,∇ββ˙] = ǫα˙β˙{∇(α,Wβ)}+ ǫαβ{∇¯(α˙,Wβ˙)},
(2.13)
where
Wα = (ǫσ
bc)βγWαβγMcb +
1
2
(
∇γWγα
β
)
Sβ −
1
2
(
∇γβ˙Wγα
β
)
Kββ˙ ,
W α˙ = (σ¯bcǫ)γ˙β˙W α˙β˙γ˙Mcb −
1
2
(
∇¯γ˙W
γ˙α˙
β˙
)
S¯ β˙ −
1
2
(
∇γ˙βW α˙β˙γ˙
)
Kββ˙ ,
(2.14)
and the parentheses for indices mean symmetrizations of spinor indices: ψ(αχβ) =
1
2
(ψαχβ +
ψβχα). Wαβγ are chiral primary superfields with Weyl weight 3/2 and chiral weight 1, and their
indices are totally symmetric. Here, a primary superfield is a superfield that is invariant under
the KA-transformations: KAWαβγ = 0. In particular, Tαβ˙
c are given by
Tαβ˙
c = 2i(σc)αβ˙, (2.15)
which is used to solve Bianchi identities in appendix B.
2.2 Abelian tensor hierarchy in conformal superspace
We introduce antisymmetric tensor gauge fields into conformal superspace. Antisymmetric
tensor gauge fields are expressed in terms of p-form gauge fields. p-form gauge fields are trans-
formed under Abelian internal gauge transformations using (p−1)-form parameter superfields.
In addition, p-form gauge fields are shifted using p-form parameter superfields. This structure
of gauge transformation of the tensors is called an Abelian tensor hierarchy.
We explain the hierarchy concretely. The p-form (p ≥ −1) gauge fields C
Ip
[p] are defined by
∗
C
Ip
[p] :=
1
p!
dzM1 ∧ · · · ∧ dzMpC
Ip
Mp...M1
=
1
p!
EA1 ∧ · · · ∧ EApC
Ip
Ap...A1
. (2.16)
Here, the indices Ip denote the indices of internal space of p-form Vp, which are assumed
to be real vector spaces. Ip run over 1, ..., dimVp. We denote infinitesimal internal gauge
transformations of p-forms as δT (Λ), where Λ is a set of real p-form parameter superfields
Λ
Ip+1
[p] : Λ = (Λ
I1
[0], ...,Λ
I4
[3]). The gauge transformation laws of C
Ip
[p] are given by
δT (Λ)C
Ip
[p] = dΛ
Ip
[p−1] + (q
(p) · Λ[p])
Ip, (2.17)
∗(−1)-forms are defined to be zero as in the ordinary differential geometry.
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where q(p) are matrices which map Vp+1 to Vp. (q
(p) · Λ[p])
Ip are given by explicitly
(q(p) · Λ[p])
Ip = (q(p))
Ip
Ip+1
Λ[p]
Ip+1. (2.18)
We define the XA′ transformation laws of C
Ip
[p] as
δG(ξ
C′XC′)C
Ip
Mp...M1
= 0. (2.19)
Field strengths of p-form gauge fields are defined by
F
Ip
[p+1] := dC
Ip
[p] − (q
(p) · C[p+1])
Ip
=
1
p!
dzM1 ∧ · · · ∧ dzMp ∧ dzN∂NC
Ip
Mp...M1
−
1
(p+ 1)!
dzM1 ∧ · · · ∧ dzMp+1(q(p) · CMp+1...M1)
Ip.
(2.20)
They are transformed under the internal gauge transformations
δT (Λ[p])F
Ip
[p+1] = −(q
(p) · q(p+1) · Λ[p+1])
Ip. (2.21)
The invariances of the field strengths require that
q(p−1) · q(p) = 0. (2.22)
The SUSY transformations and spacetime translations are redefined with respect to δT
transformations of C
Ip
[p]. The redefinitions are the same as the case that the tensor hierarchy
does not exist [30]. PA-transformations are redefined by
δG(ξ
APA) = δGC(ξ
M)− δG(ξ
MhM
A′XA′)− δT (Λ(ξ)). (2.23)
Here, Λ(ξ) is defined by
Λ(ξ) = (ιξC
I1
[1], ..., ιξC
I4
[4]), (2.24)
and ιξ is a interior product
ιξC
Ip
[p] =
1
(p− 1)!
dzM1 ∧ · · · ∧ dzMp−1ξMpC
Ip
Mp...M1
. (2.25)
In particular, the PA-transformations of C
Ip
[p] are given by
δG(ξ
APA)C
Ip
[p] = δGC(ξ
M)C
Ip
[p] − δT (Λ(ξ))C
Ip
[p] = ιξF
Ip
[p+1]. (2.26)
The PA-transformation laws of superfields which are invariant under δT transformations are
not changed. Note that we obtain SUSY transformations of p-form gauge fields if we choose
ξA = ξα.
Field strengths obey the following Bianchi identities:
dF
Ip
[p+1] = −(q
(p) · F[p+2])
Ip. (2.27)
5
form gauge field field strength Bianchi identity
4-form U I4 GI4 = dU I4 = 0 −
3-form CI3 ΣI3 = dCI3 − (q(3) · U)I3 dΣI3 = 0
2-form BI2 HI2 = dBI2 − (q(2) · C)I2 dH = −(q(2) · Σ)I2
1-form AI1 F I1 = dAI1 − (q(1) · B)I1 dF I1 = −(q(1) ·H)I1
0-form f I0 gI0 = df I0 − (q(0) · A)I0 dgI0 = −(q(0) · F )I0
−1-form 0 ωI−1 = −(q(−1) · f)I−1 dωI−1 = −(q(−1) · g)I−1
Table 1: The p-forms, their corresponding field strengths and Bianchi identities.
The existence of the tensor hierarchy deforms the Bianchi identites: The tensor hierarchy relates
the exterior derivatives on the (p + 1)-form field strengths to the (p + 2)-form field strengths.
The Bianchi identities play an important role in the next section.
Explicitly, we denote the p-form gauge fields, the field strengths and the Bianchi identities
in table 1. In table 1, 4-form gauge fields appear. The bosonic component of gauge fields U I4qpnm
exist in principle, but the bosonic components of the field strengths are zero: GI4rqpnm = 0.
This is because GI4rqpnm is the fifth rank antisymmetric tensor, which must be zero in 4D. Thus,
we impose by hand that field strengths GI4 are equal to zero as in Ref. [32]. There are also
0-form “field strengths” in principle, but (−1)-form gauge field does not exist. Thus 0-form
field strengths are defined by dωI−1 = −(q(−1) · g)I−1.
From the higher-dimensional view point [8], Vp can be understood as spaces of differential
forms on extra dimensions. The matrices q(p) are understood as the exterior derivative with
respect to extra dimensions.
3 Constraints and Bianchi identities
In this section, constraints on the field strengths are imposed to construct irreducible superfields.
We solve the Bianchi identities under these constraints. As a result, each of field strengths is
expressed in terms of the corresponding gauge invariant superfields straightforwardly.
3.1 Constraints
In the previous section, we have defined the field strengths of the p-form gauge fields. The field
strengths have redundant degrees of freedom, and we eliminate them by imposing constraints.
We will take the constraints as the same ones without the tensor hierarchy [30, 33]. The
constraints are explicitly given by table 2. Here, LI2 and ΨI0 are real superfields. In addition,
we have imposed that ΨI0 are primary superfields in table 2.
We solve the Bianchi identities under these constraints. On the one hand, the field strengths
obey the Bianchi identities. On the other hand, we impose the constraints on the field strengths.
The consistency between Bianchi identities and the constraints leads to new relations of the
field strengths. Since the constraints are imposed Lorentz covariantly, it is convenient to express
6
form constraints
4-form GI4EDCBA = 0
3-form ΣI3δ γ βA = Σ
I3
δγ˙ba = 0
2-form HI2γ β α = H
I2
γβa = H
I2
γ˙β˙a
= 0, HI2
γβ˙a
= +2i(σa)γβ˙L
I2
1-form F I1αβ = 0
0-form gI0α = i∇αΨ
I0 , gI0
β˙
= −i∇¯β˙Ψ
I0, KAΨ
I0 = 0
Table 2: The constraints on the field strengths.
the Bianchi identities (2.27) by flat indices rather than curved indices:
1
(p+ 1)!
EA1 ∧ · · · ∧ EAp+1 ∧ EB∇BF
Ip
Ap...Ap+1
+
1
p!2!
EA1 ∧ · · ·EAp ∧ EB ∧ ECTCB
Ap+1F
Ip
Ap+1...A1
= −
1
(p+ 2)!
EA1 ∧ · · · ∧ EAp+2(q(p) · FAp+2...A1)
Ip.
(3.1)
This equation follows from Eq. (2.10) and (2.19). Equation (2.10) is used to express the exterior
derivative on the vielbein 1-form dEA in terms of the torsion 2-form. The exterior derivatives
on gauge fields are written by covariant derivatives on the field strengths using Eq. (2.19).
3.2 Solutions to the Bianchi identities
In this subsection we summarize the solutions to the Bianchi identities of Table 1 under the
constraints of Table 2. The details of the derivations are discussed in appendix B. Each
of the field strengths is expressed by a single gauge invariant superfield (Y I3 , LI2,W I1α ,Ψ
I0).
We find the Weyl weights and chiral ones (∆, w) of the gauge invariant superfields. We also
find that these gauge invariant field strengths are primary superfields (ΨI0 are imposed to be
primary as in table 2). The weights and KA-invariance play an important role in constructing
superconformally invariant actions.
3.2.1 3-form gauge fields
For 3-form gauge fields, all the components of the field strengths are expressed in terms of
chiral superfields Y I3 and their complex conjugates Y¯ I3 . They appear in the 2-spinor/2-vector
components as
ΣI3δ˙γ˙ ba =
1
2
(σ¯baǫ)
δ˙γ˙Y I3, ΣI3δγba =
1
2
(σbaǫ)δγ Y¯
I3. (3.2)
From Eqs. (B.58), (B.59), (B.60) and (B.61), Y I3 obey
DY I3 = 3Y I3, AY I3 = 2iY I3, KAY
I3 = 0. (3.3)
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They mean that Y I3 are primary superfields and the weights are
(∆, w) = (3, 2). (3.4)
Similarly, Y¯ I3 obey
DY¯ I3 = 3Y¯ I3, AY¯ I3 = −2iY¯ I3 , KAY¯
I3 = 0. (3.5)
Other Bianchi identities lead to
∇αY¯
I3 = 0, ∇¯α˙Y
I3 = 0, (3.6)
which mean that Y I3 and Y¯ I3 are chiral and anti-chiral superfields, respectively. Furthermore,
1-spinor/3-vector components are expressed in terms of spinor derivatives of Y I3 and their
conjugates:
ΣI3δ˙cba = +
1
16
σ¯dδ˙δǫdcba∇δY
I3 , ΣI3δcba = −
1
16
(σd)δδ˙ǫdcba∇¯
δ˙Y¯ I3. (3.7)
ΣI3dcba are identified as the imaginary parts of ∇
2Y I3 :
ΣI3dcba =
i
64
ǫdcba(∇
2Y I3 − ∇¯2Y¯ I3). (3.8)
We can understand the non-dynamical 4-form field strength in terms of the F -component of Y I3
by the θ = θ¯ = 0 projection of both hand sides of this equation, where the θ = θ¯ = 0 projection
is the projection from the superspace to the bosonic spacetime. The solutions to the Bianchi
identities for 3-form gauge fields are the same as the case without tensor hierarchy [4,30]. Note
that our normalization of Y I3 is equivalent to 8GS in Ref. [8].
3.2.2 2-form gauge fields
The field strengths of 2-form gauge fields are expressed by real superfields LI2. We list the
solutions to the Bianchi identities.
• 1-spinor/2-vector components
HI2δba = 2(σba)δ
β∇βL
I2, HI2δ˙ba = 2(σ¯ba)
δ˙
φ˙∇¯
φ˙LI2 , (3.9)
• 3-vector components
HI2fba =
1
4
ǫfbag(σ¯
g)ǫ˙ǫ[∇ǫ, ∇¯ǫ˙]L
I2 . (3.10)
• Deformed linearity conditions
∇2LI2 =
1
4
(q(2) · Y¯ )I2 , ∇¯2LI2 =
1
4
(q(2) · Y )I2 . (3.11)
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• D-, A-, KA-transformation laws
DLI2 = 2LI2, ALI2 = 0, KAL
I2 = 0. (3.12)
Hence, we find
(∆, w) = (2, 0). (3.13)
Note that the tensor hierarchy deforms ordinary linearity conditions of LI2 by q(2). † If the ten-
sor hierarchy does not exist, the deformed linearity conditions reduce to the ordinary linearity
conditions ∇2LI2 = ∇¯2LI2 = 0. Note that our normalization of LI2 is equivalent to 1
2
HM in
Ref. [8].
3.2.3 1-form gauge fields
The solutions to 1-form gauge fields are mostly the same as an ordinary Abelian case. The
field strengths are expressed in terms of the gaugino superfields W I1α and their conjugates. The
explicit solutions to the Bianchi identities are as follows.
• 1-spinor/2-vector components
F I1
β˙,αα˙
= −2ǫβ˙α˙W
I1
α , F
I1
β,αα˙ = −2ǫβαW¯
I1
α˙ . (3.14)
• Chirality conditions
∇¯β˙W
I1
α = 0, ∇αW¯
I1
β˙
= 0. (3.15)
• 2-vector components
F I1ba = −
i
2
(
(σba)β
α∇βW I1α − (σ¯ba)
β˙
α˙∇¯β˙W¯
I1α˙
)
. (3.16)
• Deformed reality conditions
∇αW I1α − ∇¯α˙W¯
I1α˙ = −4i(q(1) · L)I1 . (3.17)
• D-, A-, KA-transformation laws
DW I1α =
3
2
W I1α , AW
I1
α = iW
I1
α , KAW
I1
α = 0,
DW¯ I1α˙ =
3
2
W¯ I1α˙, AW¯ I1α˙ = −iW¯ I1α˙, KAW¯
I1α˙ = 0.
(3.18)
Then, we find the weights of W I1α :
(∆, w) = (3/2, 1). (3.19)
The reality conditions of W I1α are deformed by the tensor hierarchy, i.e., q
(1): LI2 appear in
the imaginary parts of ∇αW I1α in the presence of the tensor hierarchy. The deformed reality
conditions reduce to the ordinary reality conditions ∇αW I1α = ∇¯α˙W¯
I1α˙ if the tensor hierarchy
does not exist. Note that our normalization of W I1α is equivalent to that of Ref. [8].
†A deformed linear multiplet in 4D N = 1 SUGRA is discussed in Ref. [34].
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3.2.4 0-form gauge fields
The field strengths of 0-form gauge fields are expressed in terms of real primary superfields ΨI0 .
The solutions to the Bianchi identities are as follows.
• Vector components
gI0a =
1
4i
(σ¯a)
α˙β(∇βg
I0
α˙ + ∇¯α˙g
I0
β ) = −
1
4
(σ¯a)
α˙β[∇β, ∇¯α˙]Ψ
I0. (3.20)
• Modified higher component conditions
1
4
∇¯2∇αΨ
I0 = (q(0) ·Wα)
I0 ,
1
4
∇2∇¯α˙Ψ
I0 = (q(0) · W¯α˙)
I0. (3.21)
• D-, A-transformation laws
DΨI0 = 0, AΨI0 = 0. (3.22)
We find the weights of ΨI0:
(∆, w) = (0, 0). (3.23)
The conditions in Eq. (3.21) are a bit peculiar in the presence of tensor hierarchy q(0): In
the case of the absence of the tensor hierarchy, the Bianchi identities lead to the constraints
∇¯2∇αΨI0 = 0 and ∇2∇¯α˙ΨI0 = 0. We can find the expression of ΨI0 which can be consistent
with the constraints. We can use chiral and anti-chiral primary superfields. Chiral primary
superfields SI0 as well as anti-chiral primary superfields S¯I0 satisfy ∇¯2∇αSI0 = ∇¯2∇αS¯I0 = 0.
The field strengths of 0-form gauge fields ΨI0 can be defined as the imaginary part of the chiral
superfields:
ΨI0 =
1
2i
(SI0 − S¯I0), (3.24)
which are consistent with the constraints and the solutions to Bianchi identities. Note that SI0
can be understood as the prepotentials for the 0-form gauge fields. Now we consider the case
of the existence of the tensor hierarchy. ΨI0 are deformed to
ΨI0 =
1
2i
(SI0 − S¯I0)− (q(0) · V )I0, (3.25)
where V I1 are the prepotentials for 1-form gauge fields. Using W I1α = −
1
4
∇¯2∇αV I1 , we obtain
1
4
∇¯2∇αΨ
I0 = (q(0) ·Wα)
I0. (3.26)
The results are consistent with Eq. (3.21). Note that SI0 are not gauge invariant in the presence
of tensor hierarchy.
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4 Component formalism
In this section we show the correspondence between the conformal superspace and supercon-
formal tensor calculus [27] using the results in Ref. [31]. Superconformal tensor calculus is
presumably the most practically useful formalism. We focus on the correspondence of the
superfields Y I3 , LI2 , W I1α and Ψ
I0, which characterize the corresponding field strengths.
4.1 Components of the superfields Y I3, LI2, W I1α and Ψ
I0
We express Y I3, LI2 , W I1α and Ψ
I0 within the superconformal tensor calculus. In the super-
conformal tensor calculus, we denote the components of a general complex multiplet VΓ with
arbitrary Lorentz indices Γ as
VΓ = [CΓ, ZΓ, HΓ, KΓ, BaΓ,ΛΓ, DΓ]. (4.1)
The components of VΓ are expressed by corresponding primary superfields ΦΓ as in table 3.
In this table, the symbol of “|” means the θ = θ¯ = 0 projection. As already appeared in
Sec. 3, the θ = θ¯ = 0 projection is the projection from the superspace to the bosonic spacetime.
Component fields are obtained by θ = θ¯ = 0 projections of superfields.
component superspace
CΓ ΦΓ|
ZΓ
(
−i∇αΦΓ
+i∇¯α˙ΦΓ
)∣∣∣
HΓ +
1
4
(∇2ΦΓ + ∇¯2ΦΓ)|
KΓ −
i
4
(∇2ΦΓ − ∇¯
2ΦΓ)|
BaΓ −
1
4
(σ¯a)
β˙β[∇β, ∇¯β˙]ΦΓ|
ΛΓ
i
4
(
−∇¯2∇αΦΓ
+∇2∇¯α˙ΦΓ
)∣∣∣ + 2i
(
Wα
W α˙
)
ΦΓ|
DΓ
1
8
∇¯α˙∇2∇¯α˙ΦΓ|+Wα˙∇¯α˙ΦΓ|
= 1
8
∇α∇¯2∇αΦΓ| −Wα∇αΦΓ|
Table 3: The components of conformal multiplets. The components are expressed in terms of
the θ = θ¯ = 0 projections of the superfields ΦΓ. In this table, [CΓ, ZΓ, HΓ, KΓ, BaΓ,ΛΓ, DΓ]
correspond to those of [CΓ,ZΓ,HΓ,KΓ,BaΓ,ΛΓ,DΓ] in Ref. [27].
We also denote chiral conformal multiplets TΓ as
TΓ = [AΓ,PRχΓ, FΓ]. (4.2)
TΓ are embedded into the general complex multiplets as
V (TΓ) = [AΓ,−iPRχΓ,−FΓ, iFΓ, i∇aAΓ, 0, 0]. (4.3)
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The components of gauge invariant superfields Y I3, LI2, W I1α and Ψ
I0 are given in tables
4, 5, 6 and 7, respectively. In these tables, note that the tensor hierarchy deforms the higher
components of the LI2 , W I1α and Ψ
I0 in the presence of q’s.
component superfield
A(Y I3) Y I3 |
PRχ(Y I3) ∇αY I3|
F (Y I3) −
1
8
(∇2Y I3 + ∇¯2Y¯ I3)| −
i
6
ǫdcbaΣI3dcba|
Table 4: The components of the chiral primary superfields Y I3 .
component superfield
C(LI2) LI2 |
Z(LI2)
(
−i∇αLI2
+i∇¯α˙LI2
)
|
H(LI2) −
1
16
(q(2) · (Y + Y¯ ))I2|
K(LI2)
i
16
(q(2) · (Y − Y¯ ))I2|
Ba(L
I2) −
1
6
ǫadcbH
I2dcb|
Λ(LI2) −i
(
0 (σc)αβ˙
(σ¯c)α˙β 0
)
∇c
(
−i∇βL
I2
+i∇¯β˙LI2
)
|+
1
16
(
q(2) ·
(
−i∇αY
+i∇¯α˙Y¯
))I2
|
D(LI2) −∇a∇aLI2|+
1
16
(
q(2) ·
1
4
(∇2Y + ∇¯2Y¯ )
)I2
|
Table 5: The components of the real primary superfields LI2 .
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component superfield
A(W I1α ) W
I1
α |
PRχ(W I1α )
i
2
(σbaǫ)βαF
I1
ba |+
1
4
ǫβα(∇γW I1γ + ∇¯γ˙W¯
I1γ˙)| − iǫβα(q(1) · L)I1 |
F (W I1α ) −i∇αβ˙W¯
I1β˙| − 2i(q(1) · L)I1|
Table 6: The components of the chiral primary superfields W I1α . The spinor index α is used for
the external Lorentz index of W I1α .
component superfield
C(ΨI0) ΨI0 |
Z(ΨI0)
(
−i∇αΨI0
+i∇¯α˙ΨI0
)
|
H(ΨI0)
1
4
(∇2ΨI0 + ∇¯2ΨI0)|
K(ΨI0) −
i
4
(∇2ΨI0 − ∇¯2ΨI0)|
Ba(Ψ
I0) gI0a | = −
1
4
(σa)
α˙α[∇α, ∇¯α˙]ΨI0|
Λ(ΨI0)
(
q(0) ·
(
−iWα
+iW¯ α˙
))I0
|
D(ΨI0)
1
4
(
q(0) · (∇αWα + ∇¯α˙W¯ α˙)
)I0 |
Table 7: The components of real primary superfields ΨI0.
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4.2 Bosonic field strengths
In the previous subsection, the lowest component of the field strengths gI0a |, F
I1
ab |, H
I2
abc| and
ΣI3abcd| appear. They are covariantly transformed under SUSY transformations, because they
have only Lorentz indices. The lowest components of them are related to the lowest components
of bosonic p-form gauge fields C
Ip
mp...m1|. In SUGRA, they are also related to vierbein em
a and
gravitino ψm
α. Thus, we express the lowest components of field strengths in term of the lowest
components of the bosonic p-form gauge fields, vierbein, and gravitino.
The expressions are obtained by the so-called “double bar projection” [30, 35]. The double
bar projections of the p-form gauge fields are defined as
1
p!
dzM1 ∧ · · · ∧ dzMpC
Ip
Mp...M1
|| :=
1
p!
dxm1 ∧ · · · ∧ dxmpCIpmp...m1|. (4.4)
The symbol of “||” means the projection from superforms to forms on the bosonic spacetime:
ction: dθµ = θµ = 0. However, there still exist fermion parts through contractions between
indices as shown below.
Explicitly, the double bar projections of the p-form gauge fields are as follows:
f I0|| = f I0|,
AI1|| = dxmAI1m|,
BI2|| =
1
2
dxm ∧ dxnBI2nm|,
CI3|| =
1
3!
dxm ∧ dxn ∧ dxpCI3pnm|,
U I4 || =
1
4!
dxm ∧ dxn ∧ dxp ∧ dxqU I4qpnm|.
(4.5)
The double bar projections of the field strengths systematically lead to the expressions of the
bosonic field strengths. We consider the simplest case. For the 1-form field strength of 0-form
gauge field, the double bar projections of gI0 are
gI0|| = dxmgI0m | = dx
mEm
AgI0A | = dx
mEm
agI0a |+ dx
mEm
αgI0α |. (4.6)
This relation gives rise to the component expression
gI0a | = ea
mgI0m | −
1
2
ea
mψm
αgI0α | −
1
2
ea
mψ¯mα˙g
I0α˙|
= ea
m(∂mf
I0 − (q(0) · Am)
I0)| −
i
2
ea
mψm
α∇αΨ
I0|+
i
2
ea
mψ¯mα˙∇¯
α˙ΨI0|.
(4.7)
Here, we used
dzMgI0M || = df
I0|| − (q(0) · A||)I0 = dxm(∂mf
I0| − (q(0) ·Am|)
I0). (4.8)
The same procedure can be applied to higher forms. The results are summarized in appendix
C.
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5 A superconformally invariant action
In this section, we present a superconformally invariant action which contains the kinetic terms
of the p-form gauge fields. In contrast to global SUSY case, superconformally invariant actions
require the conditions for Weyl and chiral weights (∆, w) of integrands. The integrands of F-
and D-type actions must have the weights (∆, w) = (3, 2) and (∆, w) = (2, 0), respectively. We
compensate the weights when we construct invariant actions from Y I3, LI2, W I1α and Ψ
I0. Such
a procedure can be done by a so-called chiral compensator superfield Φc. Chiral compensator is
a chiral primary superfield with the weights (∆, w) = (1, 2/3). The compensations are needed
for Y I3 and LI2 . We can rescale the weights of the superfields to (∆, w) = (0, 0) as follows.
Y I3 → yI3 :=
Y I3
(Φc)3
, (5.1)
LI2 → lI2 :=
LI2
ΦcΦ¯c
. (5.2)
Then yI2 and lI2 are weight (0, 0) primary superfields. Recall that the former are chiral super-
fields and the latter are the real ones. The compensations agree with those of [15], in which
the tensor hierarchy does not exist. An invariant action is given by
S = −
3
2
∫
d4xd4θEΦcΦ¯ce−K/3 +
1
4
∫
d4xd2θEgI1J1W
I1αW J1α +
∫
d4xd2θE(Φc)3W + h.c. (5.3)
Here,
K = K(ΨI0, lI2, yI3), W =W (yI3), gI1J1 = g(y
I3)I1J1 (5.4)
are the kinetic potential (rather than the Ka¨hler potential) [30], the superpotential, and the
gauge kinetic function respectively. All functions have the weights of (∆, w) = (0, 0). Note that
K is a primary real superfield, bothW and gI1J1 are primary chiral superfields. Further, K and
W are gauge invariant, whereas gI1J1 is a function such that gI1J1W
I1αW I1α is gauge invariant.
Such actions for tensors were also discussed in Ref. [30]. For example, in the case of quadratic
kinetic terms, K is given as
K = gI0J0Ψ
I0ΨJ0 + gI2J2l
I2lJ2 + gI3J3y
I3 y¯J3, (5.5)
where gI0J0, gI2J2 and gI3J3 are real constants. We may Taylor-expand W as
W =
∑
n
∑
{I3}
λI3(1)I3(2)···I3(n)y
I3(1)yI3(2) · · · yI3(n), (5.6)
where λI3(1)I3(2)···I3(n) are complex constants. The expansion of this action will be done elsewhere
[36].
We can reproduce the results in Ref. [30] by imposing the superconformal gauge fixing
conditions. The conditions are the same as those of Ref. [19,25]. We impose the conditions for
the compensator Φc and dilatation gauge fields BM as follows:
D-, A- gauge: Φc = eK/6, KA- gauge: BM = 0. (5.7)
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6 Conclusions
In this paper, we have considered a way to couple the Abelian tensor hierarchy to 4D N =
1 conformal supergravity. We have used the conformal superspace formalism and covariant
approach. The constraints on the field strengths have been imposed. The constraints are the
same as the case that Abelian tensor hierarchy does not exist. We have solved the Bianchi
identities under the constraints. Each of the field strengths is expressed in terms of the single
superfield and its conjugate. The linearity conditions which appear in 2-form gauge fields are
deformed by the tensor hierarchy. The reality conditions which appear in 1-form gauge fields
are also deformed. Furthermore, we have obtained nontrivial conditions of superconformal
transformation laws. We have also presented a superconformally invariant action.
There are remaining issues. The action of tensor superfields in terms of their components
should be considered. Such an action would be needed for phenomenological applications. One
can think also the Chern-Simons couplings of tensor fields. To introduce these terms, we need
to reconstruct the tensor hierarchy with the so-called prepotential approach. Further, when
there exist (non-Abelian ) gauge/matter fields, one has to take chiral anomalies into account.
Then the prepotential SI0 will appear also in the superpotential or gauge kinetic functions. We
will address these issues elsewhere [36].
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A Notations
In this section, we summarize our notations. The notations are the same as those of Wess-
Bagger [29]. The Minkowski metric and the totally antisymmetric tensor are is given by
ηab = (−1,+1,+1,+1), ǫ
0123 = −ǫ0123 = +1. (A.1)
The standard contractions of two-component spinors are given by ξαψα and ξ¯α˙ψ¯
α˙. The raising
and lowering rules of indices are defined by
ψα = ǫαβψβ, ψα = ǫαβψ
β, ψ¯α˙ = ǫα˙β˙ψ¯
β˙, ψ¯α˙ = ǫα˙β˙ψ¯β˙ , (A.2)
where ǫαβ , ǫαβ , ǫα˙β˙ and ǫ
α˙β˙ are antisymmetric tensors that satisfy ǫ12 = ǫ21 = +1. The
Hermitian conjugate of a spinors is defined as (ψα)
† = ψ¯α. Hermitian conjugate reverses the
order of the product of spinors:
(ψαξβ)
† = ξ¯β˙ψ¯α˙. (A.3)
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Pauli matrices are defined as
(σ0)αβ˙ =
(
1 0
0 1
)
, (σ1)αβ˙ =
(
0 1
1 0
)
, (σ2)αβ˙ =
(
0 −i
i 0
)
, (σ3)αβ˙ =
(
1 0
0 −1
)
. (A.4)
Their Hermitian conjugates are given by
(σ¯a)
α˙β = (σa)
βα˙ = ǫα˙γ˙ǫβδ(σa)δγ˙ . (A.5)
Pauli matrices satisfy
(σa)αβ˙(σ¯b)
β˙γ + (σb)αβ˙(σ¯a)
β˙γ = −2ηabδα
γ , (σ¯a)
α˙β(σb)βγ˙ + (σ¯b)
α˙β(σa)βγ˙ = −2ηabδ
α˙
γ˙, (A.6)
(σa)αβ˙(σ¯a)
γ˙δ = −2δα
δδγ˙ β˙. (A.7)
Lorentz vectors are expressed as mixed Lorentz spinors and vice versa:
vαβ˙ = (σ
a)αβ˙va, va = −
1
2
(σ¯a)β˙αvαβ˙ , (A.8)
The matrices σab and σ¯ab are given by
(σab)α
β =
1
4
((σa)αγ˙(σ¯b)
γ˙β − (σb)αγ˙(σ¯a)
γ˙β), (σ¯ab)
α˙
β˙ =
1
4
((σ¯a)
α˙γ(σb)γβ˙ − (σ¯b)
α˙γ(σa)γβ˙). (A.9)
Any anti-symmetric tensor Fab can be decomposed into chiral and anti-chiral parts:
Fab = −(ǫσab)
αβF−αβ + (σ¯abǫ)
α˙β˙F+
α˙β˙
, (A.10)
where
F−αβ :=
1
2
(σabǫ)αβFab, F
+
α˙β˙
:= −
1
2
(ǫσ¯ab)α˙β˙Fab. (A.11)
In spinor notations, the equation is rewritten as
Fαα˙,ββ˙ = (σ
a)αα˙(σ
b)ββ˙Fab = −2ǫαβF
+
α˙β˙
+ 2ǫα˙β˙F
−
αβ. (A.12)
B Solving the Bianchi identities
In this appendix, we show detailed derivations of solutions to the Bianchi identities. Subsec-
tions B.1, B.2, B.3 and B.4 are devoted to derive the results in 3.2.1, 3.2.2, 3.2.3 and 3.2.4,
respectively. In the subsection B.5, we show derivations of the D-, A-, KA-transformations of
the gauge invariant superfields.
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B.1 The Bianchi identities for 3-form gauge fields
Firstly, we solve the Bianchi identities for 3-form gauge fields. The Bianchi identities are given
by
1
4!
EA∧EB ∧EC ∧ED ∧EE∇EΣ
I3
DCBA+
1
3!2!
EA∧EB ∧EC ∧ED ∧EETED
FΣI3FCBA = 0. (B.1)
Explicitly they are written by
0 = ∇EΣ
I3
DCBA +∇DΣ
I3
CBAE +∇CΣ
I3
BAED +∇BΣ
I3
AEDC +∇AΣ
I3
EDCB
+ TED
FΣI3FCBA − TEC
FΣI3FDBA − TEB
FΣI3FCDA − TEA
FΣI3FCBD
+ TDC
FΣI3FEBA − TDB
FΣI3FECA − TDA
FΣI3FEBC
+ TCB
FΣI3FEDA − TCA
FΣI3FBED
− TBA
FΣI3FECD.
(B.2)
The constraints for 3-form are given in table 2. Under these constraints, we solve the Bianchi
identities.
For E = ǫ, D = δ˙, C = γ, B = β, A = a, the Bianchi identities are
0 = Tǫδ˙
fΣI3fγβa + Tδ˙γ
fΣI3fǫβa + Tδ˙β
fΣI3fǫγa. (B.3)
This equation is equivalently written as
ΣI3
ǫδ˙,γβ,αα˙
+ ΣI3
γδ˙,ǫβ,αα˙
= −ΣI3
βδ˙,ǫγ,αα˙
. (B.4)
We decompose ΣI3
ǫδ˙,γ,β,αα˙
into chiral part and anti-chiral part as
ΣI3
ǫδ˙,γ,β,αα˙
= −2ǫǫαΣ
+I3
δ˙α˙,γ,β
+ 2ǫδ˙α˙Σ
−I3
ǫα,γ,β. (B.5)
Substituting this decomposition into Eq. (B.4), we obtain
0 = −2ǫǫαΣ
+I3
δ˙α˙,γ,β
+ 2ǫδ˙α˙Σ
−I3
ǫα,γ,β − 2ǫγαΣ
+I3
δ˙α˙,ǫ,β
+ 2ǫδ˙α˙Σ
−I3
γα,ǫ,β − 2ǫβαΣ
+I3
δ˙α˙,γ,ǫ
+ 2ǫδ˙α˙Σ
−I3
βα,γ,ǫ. (B.6)
We find that anti-chiral parts vanish:
Σ+I3
δ˙α˙,γ,β
= 0. (B.7)
Eq. (B.6) is then expressed as
Σ−I3γα,ǫ,β + Σ
−I3
βα,ǫ,γ + Σ
−I3
ǫα,γ,β = 0, (B.8)
where we used Σ−I3γα,ǫ,β = Σ
−I3
γα,β,ǫ. Contracting γ and α by ǫ
γα, we obtain
0 = Σ−I3β
γ
,ǫ,γ + Σ
−I3
ǫ
γ
,γ,β. (B.9)
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This equation means that
Σ−I3β
γ
,ǫ,γ =
1
2
ǫβǫΣ
−I3δγ
,δ,γ. (B.10)
Then, Σ−I3ǫα,γ,β are calculated as
Σ−I3ǫα,γ,β =
1
2
(Σ−I3ǫα,γ,β + Σ
−I3
βα,γ,ǫ) +
1
2
ǫǫβΣ
−I3δ
α,γ,δ
= −
1
2
Σ−I3αγ,ǫ,β +
1
2
ǫǫβΣ
−I3δ
α,γ,δ
= −
1
2
Σ−I3αǫ,γ,β −
1
2
(Σ−I3αγ,ǫ,β − Σ
−I3
αǫ,γ,β) +
1
2
ǫǫβΣ
−I3δ
α,γ,δ
= −
1
2
Σ−I3αǫ,γ,β −
1
2
ǫγǫΣ
−I3
α
δ
,δ,β +
1
2
ǫǫβΣ
−I3δ
α,γ,δ
= −
1
2
Σ−I3αǫ,γ,β −
1
4
ǫγǫǫαβΣ
−I3ζδ
,δ,ζ +
1
4
ǫǫβǫαγΣ
−I3δζ
,ζ,δ.
(B.11)
Therefore, Σ−I3ǫα,γ,β have only scalar components:
Σ−I3ǫα,γ,β =
1
6
(ǫαβǫǫγ + ǫαγǫǫβ)Σ
−I3ηζ
,ζ,η. (B.12)
Thus, we obtain
ΣI3
ǫδ˙,γ,β,αα˙
=
1
3
ǫδ˙α˙(ǫαβǫǫγ + ǫαγǫǫβ)Σ
−I3ηζ
,ζ,η. (B.13)
We define Y¯ I3 as
Y¯ I3 :=
2
3
Σ−I3ηζ ,ζ,η. (B.14)
This definitions of Y¯ I3 agree with those of Eq. (VI-2.7) in Ref. [30]. Equation (B.13) is equiv-
alently expressed as in Eq. (3.2). Similarly, dotted versions of the Bianchi identities (B.4) lead
to Eq. (3.2).
For E = ǫ, D = δ, C = γ, B = ββ˙, A = αα˙, Eq. (B.2) is written as
0 = ∇ǫΣ
I3
δ,γ,ββ˙,αα˙
+∇δΣ
I3
γ,ββ˙,αα˙,ǫ
+∇γΣ
I3
ββ˙,αα˙,ǫ,δ
= ǫβ˙α˙(ǫβδǫαγ + ǫαδǫβγ)∇ǫY¯
I3 + ǫβ˙α˙(ǫβγǫαǫ + ǫαγǫβǫ)∇δY¯
I3 + ǫβ˙α˙(ǫβǫǫαδ + ǫαǫǫβδ)∇γ Y¯
I3.
(B.15)
Contracting spinors by ǫα˙β˙ǫδβǫγα, we obtain the anti-chirality conditions of Y¯ I3 in Eq. (3.6).
Similarly, we obtain chirality conditions of Y I3 as in Eq. (3.6).
For E = ǫ, D = δ˙, C = γ˙ B = ββ˙, A = αα˙, Eq. (B.2) is written as
0 = ∇ǫΣ
I3
δ˙,γ˙,ββ˙,αα˙
+ Tǫδ˙
fΣI3
f,γ˙,ββ˙,αα˙
+ Tǫγ˙
fΣI3
f,δ˙,ββ˙,αα˙
. (B.16)
This is solved as
∇δY
I3 = +
2
3
ǫdcbaσdδδ˙Σ
I3δ˙
cba, (B.17)
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or equivalently expressed as in Eq. (3.7). Similarly, ΣI3δcba are expressed in terms of ∇¯
δ˙Y¯ I3:
∇¯δ˙Y¯ I3 = −
2
3
ǫdcbaσ¯δ˙δd Σ
I3
δcba, (B.18)
or Eq. (3.7).
For E = ǫ, D = δ˙, C = c, B = b, A = a, Eq. (B.2) is expressed as
0 = ∇ǫΣ
I3δ˙
cba − ∇¯
δ˙ΣI3cbaǫ + Tǫ
δ˙fΣI3fcba. (B.19)
Using (3.7), and contracting spinors, we obtain
8
3
iǫdcbaΣI3dcba = ∇
2Y I3 − ∇¯2Y¯ I3 . (B.20)
They are equivalently written as in Eq. (3.8). There is no more non-trivial Bianchi identity
from constraints.
B.2 The Bianchi identities for 2-form gauge fields
Next, we solve the Bianchi identities for 2-form gauge fields. The Bianchi identities are written
as
0 = ∇DH
I2
CBA −∇CH
I2
BAD +∇BH
I2
ADC −∇AH
I2
DCB
+ TDC
EHI2EBA − TDB
EHI2ECA + TDA
EHI2ECB − TCB
EHI2EAD + TCA
EHI2EBD + TBA
EHI2EDC
+ (q(2) · ΣDCBA)
I2 .
(B.21)
The constraints on the field strengths of 2-form gauge fields are given in table 2.
For D = δ, C = γ, B = β˙, a = αα˙, Eq. (B.21) is
0 = ∇δH
I2
γ,β˙,αα˙
−∇γH
I2
β˙,αα˙,δ
+ Tδβ˙
eHI2e,γ,αα˙ − Tγ˙β
eHI2e,αα˙,δ. (B.22)
Using the constraints in table 2, we obtain
−4iǫγαǫβ˙α˙∇δL
I2 − 4iǫδαǫβ˙α˙∇γL
I2 + 2iHI2
δβ˙,γ,αα˙
− 2iHI2
γβ˙,αα˙,δ
= 0. (B.23)
We decompose HI2
δ,γβ˙,αα˙
as
HI2
δ,γβ˙,αα˙
= −2ǫγαH
I2+
δ,β˙α˙ + 2ǫβ˙α˙H
I2−
δ,γα. (B.24)
Substituting this into Eq. (B.23) and contracting spinors by ǫβ˙α˙, we obtain
ǫαγ∇δL
I2 + ǫαδ∇γL
I2 −HI2−γ,δα −H
I2−
δ,γα = 0. (B.25)
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Furthermore, contracting spinor indices by ǫαγ , we find that
HI2−α,δα = −3∇δL
I2 . (B.26)
Substituting this equation to Eq. (B.25), we obtain
HI2−α,γδ = −ǫαγ∇δL
I2 − ǫαδ∇γL
I2, (B.27)
where we used HI2−γ,δα = ǫγαH
I2−φ
,δφ +H
I2−
α,δγ and H
I2−
δ,γα = ǫδαH
I2−φ
,γφ +H
I2−
α,γδ.
The symmetrization of α˙↔ β˙ in Eq. (B.23) with Eq. (B.24) reads
HI2+δ,β˙α˙ = 0. (B.28)
Therefore, we obtain
HI2
δ,γβ˙,αα˙
= −2ǫβ˙α˙(ǫδγ∇αL
I2 + ǫδα∇γL
I2), (B.29)
which is equivalent to Eq. (3.9). Similarly, for D = δ˙, C = γ˙, B = β, a = αα˙, we obtain
HI2
γ˙,βδ˙,αα˙
= −2ǫβα(ǫγ˙δ˙∇¯α˙L
I2 + ǫγ˙α˙∇¯δ˙L
I2), (B.30)
which is equivalent to Eq. (3.9).
For D = δ, C = γ˙, B = b, A = a, Eq. (B.21) is written as
0 = ∇δH
I2
γ˙ba + ∇¯γ˙H
I2
baδ +∇bH
I2
aδγ˙ −∇aH
I2
δγ˙b + Tδγ˙
eHI2eba. (B.31)
This equation implies
0 = 2(σ¯ba)γ˙φ˙∇δ∇¯
φ˙LI2 + 2(σba)δ
φ∇¯γ˙∇φL
I2 + 2i(σa)δγ˙∇bL
I2 − 2i(σb)δγ˙∇aL
I2 + 2i(σe)δγ˙H
I2
eba.
(B.32)
From this identity, we obtain
ǫcfba(σc)γγ˙H
I2
fba = −3[∇γ , ∇¯γ˙]L
I2 , (B.33)
which is equivalent to Eq. (3.10).
For D = δ, C = γ, B = b, A = a, Eq. (B.21) is expressed as
0 = ∇δH
I2
γba +∇γH
I2
δba + (q
(2) · Σδγba)
I2 . (B.34)
Using Eqs. (3.2) and (3.9), we obtain Eq. (3.11). Similarly, for D = δ˙, C = γ˙, B = b, A = a,
we find Eq. (3.11).
B.3 The Bianchi identities for 1-form gauge fields
Thirdly, we solve the Bianchi identities for the field strengths of 1-form gauge fields [29]:
0 = ∇CF
I1
BA+∇BF
I1
AC +∇AF
I1
CB +TCB
DF I1DA+TBA
DF I1DC +TAC
DF I1DB +(q
(1) ·HCBA)
I1. (B.35)
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For C = γ˙, B = β, A = α, Bianchi identities are
0 = Tγ˙β
dF I1dα + Tαγ˙
dF I1dβ . (B.36)
This means symmetric part of undotted spinors in F I1γ˙β,α is equal to zero. Then, we can write
F I1α,βγ˙ = −2ǫαβW
I1
γ˙ . (B.37)
Similarly, for C = γ, B = β˙, A = α˙, we obtain
F I1
α˙,γβ˙
= −2ǫα˙β˙W
I1
γ . (B.38)
For C = γ˙, B = β˙, A = αα˙, the Bianchi identities are
0 = ∇¯γ˙F
I1
β˙,αα˙
− ∇¯β˙F
I1
αα˙,γ˙. (B.39)
Using (B.37) we obtain chirality condition for W I1α as
∇¯γ˙W
I1
α = 0. (B.40)
Similarly for C = γ, B = β, A = αα˙, we find
∇γW
I1
α˙ = 0. (B.41)
For C = γ, B = β˙, A = αα˙, the Bianchi identities are
0 = ∇γF
I1
β˙,αα˙
− ∇¯β˙F
I1
αα˙,γ + Tγβ˙
dF I1d,αα˙ − 4iǫγαǫβ˙α˙(q
(1) · L)I1 . (B.42)
Contracting the spinor indices by ǫαγǫα˙β˙, we obtain Eq. (3.17). Then, symmetrizing spinors in
Eq. (B.42), we also obtain Eq. (3.16).
B.4 The Bianchi identities for 0-form gauge fields
Finally, we solve the Bianchi identities for 0-form gauge fields. The Bianchi identities are given
by
0 = ∇Bg
I0
A −∇Ag
I0
B + TBA
CgI0C + (q
(0) · FBA)
I0. (B.43)
For B = β, A = α, Eq. (B.43) is
0 = ∇βg
I0
α +∇αg
I0
β . (B.44)
This means that
∇βg
I0
α =
1
2
ǫβα∇
γgI0γ . (B.45)
Furthermore, the actions of ∇β on both hand sides lead to
∇2gI0α = 0. (B.46)
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Similarly, for B = β˙, A = α˙, we obtain
∇¯β˙g
I0
α˙ = −
1
2
ǫβ˙α˙∇¯γ˙g
I0γ˙ , (B.47)
∇¯2gI0α˙ = 0. (B.48)
These consequences suggest that we may impose the constraints
gI0α = λ∇αΨ
I0, gI0α˙ = λ
∗∇¯α˙Ψ
I0, (B.49)
where we took λ as a complex constant, and ΨI0 are real primary superfields.
For B = β, A = α˙, Eq. (B.43) is
0 = ∇βg
I0
α˙ + ∇¯α˙g
I0
β + Tβα˙
cgI0c . (B.50)
If we take λ = i, this equation reproduces the results in Ref. [8]. In this choice, gI0αα˙ are written
as
gI0αα˙ =
1
2
[∇α, ∇¯α˙]Ψ
I0. (B.51)
This equation is equivalently written as in Eq. (3.20). Eq.(B.51) means that ΨI0 contain the
field strengths of 0-form gauge fields in the vector components.
For B = β˙, A = αα˙, Eq. (B.43) is
0 = ∇¯β˙g
I0
αα˙ −∇αα˙g
I0
β˙
+ (q(0) · Fβ˙,αα˙)
I0. (B.52)
Using Eqs. (B.49), (3.20) and the identity ∇α∇¯2 + 4i∇αγ˙∇¯γ˙ = ∇¯2∇α − 8Wα, we obtain the
former equation in Eq. (3.21). Similarly for B = β, A = αα˙, the latter equation in Eq. (3.21)
is obtained.
Note that the degrees of freedom between bosons and fermions in ΨI0 are matched. If the
tensor hierarchy does not exist, Eq. (3.21) means that the higher fermion components of ΨI0
vanish:
∇2∇¯α˙Ψ
I0 = 0, ∇¯2∇αΨ
I0 = 0. (B.53)
So it seems that degrees of freedom in ΨI0 are mismatched. In a general real superfield case, the
degrees of freedom of the components [C,Z,H,K,Ba, λ,D] are [1, 4, 1, 1, 4, 4, 1]. In this case,
Bianchi identity (3.20) follows that vector components of ΨI0 are the bosonic field strengths:
[∇α, ∇¯α˙]Ψ
I0| ∝ ∂mf
I0|. Thus, vector components have only one freedom. Then, under the
constraint (B.53), degrees of freedom are [1, 4, 1, 1, 1, 0, 0]. So the degrees of freedom between
bosons and fermions in ΨI0 are matched. The same argument holds even if the tensor hierarchy
exists.
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B.5 D-, A-, KA-transformation laws
We present the derivations of the D-, A-, KA-transformation laws of (Y
I3, LI2 ,W I1α ,Ψ
I0). The
transformation laws of the superfields follow from those of F
Ip
Ap+1...A1
. Since F
Ip
Mp+1...M1
are
invariant under XA′ transformations, the properties are reduced to those of the vielbein:
δG(ξ
A′XA′)EB
M = −EB
N
(
δG(ξ
A′XA′)EN
C
)
EC
M . (B.54)
The D-, A- and KA-transformation laws of the vielbein are obtained as follows.
• D-transformations
δG(ξ(D)D)Eb
M = +ξ(D)Eb
M , δG(ξ(D)D)Eβ
M = +
1
2
ξ(D)Eβ
M . (B.55)
• A-transformations
δG(ξ(A)A)Eb
M = 0, δG(ξ(A)A)Eβ
M = −iξ(A)Eβ
M , δG(ξ(A)A)E
β˙M = +iξ(A)Eβ˙M .
(B.56)
• S-transformations
δG(ξ(K)
αSα)Eb
M = iEb
NEN
eξ(K)δ(σe)δγ˙E
γ˙M = iξ(K)δ(σb)δγ˙E
γ˙M ,
δG(ξ(K)α˙S¯
α˙)Eb
M = iEb
NEN
eξ(K)δ˙(σ¯e)
δ˙γEγ
M = iξ(K)δ˙(σ¯b)
δ˙γEγ
M .
δG(ξ(K)
αSα)Eβ
M = 0.
(B.57)
• All the Ka-transformations of the vielbein are equal to zero.
Using these equations, the D-, A- and KA-transformation laws of (Y
I3 , LI2,W I1α ,Ψ
I0) are de-
termined. Note that the M-transformation laws of (Y I3, LI2 ,W I1α ,Ψ
I0) are obtained by their
spinor indices.
B.5.1 3-form gauge fields
We show the D-, A-, KA-transformation laws of Y
I3. Y I3 are given in terms of ΣI3δ˙γ˙ ba as in
Eq. (3.2). The D-, A-, KA-transformations of Σ
I3δ˙γ˙
ba are determined as follows.
• D-transformations
δG(ξ(D)D)Σ
I3δ˙γ˙
ba = δG(ξ(D)D)E
δ˙QE γ˙PEb
NEa
MΣI3QPNM = 3ξ(D)Σ
I3δ˙γ˙
ba (B.58)
• A-transformations
δG(ξ(A)A)Σ
I3δ˙γ˙
ba = δG(ξ(A)A)E
δ˙QE γ˙PEb
NEa
MΣI3QPNM = +2iξ(A)Σ
I3δ˙γ˙
ba (B.59)
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• Sα-transformations
δG(ξ(K)
αSα)Σ
I3δ˙γ˙
ba
= δG(ξ(K)
αSα)E
δ˙QE γ˙PEb
NEa
MΣI3QPNM
= E δ˙QE γ˙P (iξ(K)α(σb)αǫ˙E
ǫ˙N)Ea
MΣI3QPNM + E
δ˙QE γ˙PEb
N(iξ(K)α(σa)αǫ˙E
ǫ˙M)ΣI3QPNM
= iξ(K)α(σb)αǫ˙Σ
I3δ˙γ˙ǫ˙
a + iξ(K)
α(σa)αǫ˙Σ
I3δ˙γ˙
b
ǫ˙
= 0.
(B.60)
• S¯α˙-transformations
δG(ξ(K)α˙S¯
α˙)ΣI3δ˙γ˙ ba
= δG(ξ(K)α˙S¯
α˙)E δ˙QE γ˙PEb
NEa
MΣI3QPNM
= E δ˙QE γ˙P (iξ(K)α˙(σ¯b)
α˙ǫEǫ
N)Ea
MΣI3QPNM + E
δ˙QE γ˙PEb
N(iξ(K)α˙(σ¯a)
α˙ǫEǫ
M)ΣI3QPNM
= iξ(K)α˙(σ¯b)
α˙ǫΣI3δ˙γ˙ ǫa + iξ(K)α˙(σ¯a)
α˙ǫΣI3δ˙γ˙ bǫ
= 0.
(B.61)
Here, we used the constraints ΣI3δ˙γ˙ b
ǫ˙ = ΣI3δ˙γ˙ bǫ = 0 in the last lines of Sα and S¯
α˙ transformation
laws. These equations lead to the superconformal transformation laws of Y in Eq. (3.3). Those
of Y¯ are obtained similarly.
B.5.2 2-form gauge fields
The D-, A-, KA-transformation laws of L
I2 are obtained by the same procedure as the case of
3-form gauge fields. We summarize the results.
• D-transformations
δG(ξ(D)D)H
I2γ˙
βa = 2ξ(D)H
I2γ˙
βa (B.62)
• A-transformations
δG(ξ(A)A)H
I2γ˙
βa = 0. (B.63)
• Sα-transformations
δG(ξ(K)
αSα)H
I2γ˙
βa = iξ(K)
α(σa)αǫ˙H
I2γ˙
β
ǫ˙ = 0. (B.64)
• S¯α˙-transformations
δG(ξ(K)α˙S¯
α˙)HI2γ˙βa = iξ(K)α˙(σ¯a)
α˙ǫHI2γ˙βǫ = 0. (B.65)
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B.5.3 1-form gauge fields
The D-, A-, KA-transformation laws of W
I2
α are the same as the case that the tensor hierarchy
does not exist. The results are as follows.
• D-transformations
δG(ξ(D)D)F
I1β˙
a =
3
2
ξ(D)F I1β˙a (B.66)
• A-transformations
δG(ξ(A)A)F
I1β˙
a = +iξ(A)F
I1β˙
a. (B.67)
• Sα-transformations
δG(ξ(K)
αSα)F
I1β˙
a = −iξ(K)
α(σa)αǫ˙F
I1β˙ǫ˙ = 0. (B.68)
• S¯α˙-transformations
δG(ξ(K)α˙S¯
α˙)F I1β˙a = −iξ(K)α˙(σ¯a)
α˙ǫF I1β˙ ǫ = 0. (B.69)
B.5.4 0-form gauge fields
The D-, A-, KA-transformation laws of Ψ
I0 are determined as follows.
• D-transformations
δG(ξ(D)D)g
I0
α =
1
2
ξ(D)gI0α (B.70)
lead to
DΨI0 = 0. (B.71)
This is because
[D,∇α] =
1
2
∇α. (B.72)
• A-transformations
δG(ξ(A)A)g
I0
α = −iξ(A)g
I0
α (B.73)
lead to
AΨI0 = 0. (B.74)
This is because
[A,∇α] = −i∇α. (B.75)
• Sα-transformations
δG(ξ(K)
βSβ)g
I0
α = 0. (B.76)
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• S¯α˙-transformations
δG(ξ(K)β˙S¯
β˙)gI0α = 0. (B.77)
We need to check the consistency between the weights of ΨI0 and the Sα-invariances of Ψ
I0 .
The Sα-invariances of g
I0
α require that the weights of Ψ
I0 must be (∆, w) = (0, 0) [27]. The
requirements are understood as follows. The Sα-transformations of ∇αΨI0 are generally
given by
Sα∇βΨ
I0 = ǫαβ(2D − 3iA)Ψ
I0, S¯α˙∇¯β˙ΨI0 = ǫα˙β˙(2D + 3iA)ΨI0 . (B.78)
These equations lead to the conditions for the Sα-invariances of ∇αΨI0:
DΨI0 = 0, AΨI0 = 0. (B.79)
Actually, ΨI0 satisfy the weight conditions. Thus, the weights are consistent with Sα-
invariances of gI0α .
C The explicit forms of bosonic field strengths
In this appendix, we summarize the explicit forms of the bosonic field strengths.
For 3-form gauge fields, the double bar projections of ΣI3 lead to the following relations
1
4!
dxm ∧ dxn ∧ dxp ∧ dxqΣI3qpnm|
=
1
4!
dxm ∧ dxn ∧ dxp ∧ dxqEm
AEn
BEp
CEq
DΣI3DCBA|.
(C.1)
We expand this relation, and obtain
em
aen
bep
ceq
dΣI3dcba|
= ∂qC
I3
pnm|+ (−1)
1∂pC
I3
qnm|+ (−1)
2∂nC
I3
qpm|+ (−1)
3∂mC
I3
qpn| − (q
(3) · Uqpnm|)
I3
−
1
2
(em
aen
bep
cψq
δ + (−1)1em
aen
beq
cψp
δ
+ (−1)2em
aep
beq
cψn
δ + (−1)3en
aep
beq
cψm
δ)
(
−
1
16
)
(σe)δζ˙ǫecba∇¯
ζ˙Y¯ I3|
−
1
2
(em
aen
bep
cψ¯qδ˙ + (−1)
1em
aen
beq
cψ¯pδ˙
+ (−1)2em
aep
beq
cψ¯nδ˙ + (−1)
3en
aep
beq
cψ¯mδ˙)
(
+
1
16
)
(σ¯e)δ˙ζǫecba∇ζY
I3|
−
1
2
·
1
2
(em
aen
bψp
γψq
δ + (−1)1em
aep
bψn
γψq
δ + (−1)2em
aeq
bψn
γψp
δ
+ (−1)2en
aep
bψm
γψq
δ + (−1)2+2en
aeq
bψp
γψm
δ + (−1)2+2ep
aeq
bψm
γψn
δ)
1
2
(σbaǫ)δγ Y¯
I3|
−
1
2
·
1
2
(em
aen
bψ¯pγ˙ψ¯qδ˙ + (−1)
1em
aep
bψ¯nγ˙ψ¯qδ˙ + (−1)
2em
aeq
bψ¯nγ˙ψ¯pδ˙
+ (−1)2en
aep
bψ¯mγ˙ ψ¯qδ˙ + (−1)
2+2en
aeq
bψ¯pγ˙ψ¯mδ˙ + (−1)
2+2ep
aeq
bψ¯mγ˙ψ¯nδ˙)(σ¯baǫ)
δ˙γ˙Y I3 |
(C.2)
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For the 2-form gauge fields, the double bar projections are
HI2|| =
1
3!
dxm ∧ dxn ∧ dxpHI2pnm| =
1
3!
dxm ∧ dxn ∧ dxpEm
AEn
BEp
CHI2CBA|. (C.3)
We obtain the component expressions of bosonic field strengths
em
aen
bep
cHI2cba|
= ∂pB
I2
nm|+ ∂nB
I2
mp|+ ∂mB
I2
pn| − (q
(2) · Cpnm|)
I2
−
1
2
(em
aen
bψp
γ + (−1)1em
aψn
γep
b + (−1)3ψm
γen
bep
a)(+2)(σba)γ
δ∇δL
I2|
−
1
2
(em
aen
bψ¯pγ˙ + (−1)
1em
aψ¯nγ˙ep
b + (−1)3ψ¯mγ˙en
bep
a)(+2)(σ¯ba)
γ˙
δ˙∇¯
δ˙LI2 |
−
1
2
·
1
2
(em
aψn
βψ¯p
γ˙ + (−1)1ψm
βen
aψ¯p
γ˙ + (−1)3ψn
βψ¯m
γ˙ep
a)(−1)(+2i)(σa)βγ˙L
I2 |
−
1
2
·
1
2
(em
aψ¯nβ˙ψpγ + (−1)
1ψ¯mβ˙en
aψpγ + (−1)
3ψ¯nβ˙ψmγep
a)(−1)(+2i)(σ¯a)
β˙γLI2 |.
(C.4)
For 1-form gauge fields, the double bar projections are
F I1|| =
1
2!
dxm ∧ dxnF I1nm| =
1
2!
dxm ∧ dxnEm
AEn
BF I1BA|. (C.5)
We obtain the expressions of the bosonic field strengths
em
aen
bF I1ba | = ∂nA
I1
m| − ∂mA
I1
n | − (q
(1) · Bnm|)
I1
−
1
2
(em
cψn
β − en
cψm
β)(−1)(σc)βγ˙W¯
I1γ˙|
−
1
2
(em
cψ¯nβ˙ − en
cψ¯mβ˙)(+1)(σ¯c)
β˙γW I1γ |.
(C.6)
The above expressions are basic building blocks in the constructions of component field actions.
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